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The purpose of this work is to provide an alternative approach to the exact computation of the coefficients
of the reliability polynomial of a stochastic network with edge failure (under the all-terminal reliability
condition), in the univariate and bivariate cases.

This exact computation has driven most research efforts for the past few decades, mostly in the univariate
case, while in the bivariate case there is still little literature.

Starting with a brief review of basic concepts, | have tackled the univariate case where all edges have the
same failure probability. The proposed method approximates the graph’s reliability for different failure
probabilities taken at Chebyshev points in [0,1] via simulation of the graph’s state at a given point in time.
These values will then form a Vandermonde matrix, which we can use to interpolate the graph’s reliability
polynomial.

The next step is to apply the same reasoning to the bivariate case, where edges can fail with one of two
different probabilities. While the approach uses the same combination of simulation and interpolation, the
second phase differs from the previous univariate case in its higher complexity and lesser guarantee of
accuracy. Nevertheless, the results suggest that this approach can be performant.

Finally, there are many more assumptions that we could consider in order to bring the studied networks
closer to real-life, but this paper’s scope has already been challenging with the computational limitations
of a personal computer. The use of cyberinfrastructures like clusters would have helped extend our
conclusions.




Abstract (in English, 250 words or less):

This paper aims to provide an alternative approach to the exact computation of the reliability polynomial
of univariate and bivariate network reliability by applying simulation-interpolation based methods. This 2-
phase combination consists in approximating firstly the values of a network’s reliability for different states
(i.e. different edge failure probabilities) through simulation techniques, and secondly to use this information
as interpolation nodes to approximate the network’s reliability as a continuous function. These results,
although approximated, can then serve as decision-makers in many real-life scenarios.

We review some basic concepts for a later development of the proposed approach in instances of
gradually increasing complexity.
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1. Introduction

Networks surround us with all sorts of shapes, scales, and sizes, as the natural form in which groups of
elements of any type interact with one another. From the study of a brain’s interconnected neurons to the
optimization of worldwide transportation systems, network science plays an increasingly important role in
all sorts of areas. The need to better understand networks is an issue that multiple branches of knowledge,
from biology to social sciences, are tackling through network science.

The urge to develop this relatively new discipline is significant, to the extent that the impact of
networks in our lives is critical. If we think of how an infectious disease is transmitted within a network of
individuals, understanding its spread through the population would guarantee that the right measures are
taken against a risk of an epidemic. On a bigger scale, transportation systems are a real challenge that
society has faced for centuries. Its social and economic impact, and more recently its extremely serious
environmental consequences, have driven the search of the most effective ways to transport goods or
persons between cities.

At the same time, the possibilities of development are enormous. Although in the past decades a
significant number of studies have focused on relatively simple networks, increasing groups of researchers
are exploring a wider and darker space that is bringing network science closer to real-life. We almost
immediately think of a brain when considering complexity, but we may still be far from this level of
intricacy. Complexity can also involve considering numerous factors where previous scientists have
historically considered a single standardized variable. For instance, let us go back to the infectious disease
problem. What if we considered two types of relationships between the group of individuals (those that
imply an everyday contact -family, colleagues-, and those involving only a sporadic contact) instead of a
single, plain type of relationship? This perspective would certainly be more realistic, and therefore would
elevate the conclusions of network science to a more refined and useful tool to help make the world better.

In network science, one of the major areas of interest when analysing existing networks is to
evaluate their reliability, or capacity to remain operational. Reliability can take different forms depending
on what is the network’s purpose. In the case of a transportation system, there may be a depot and a terminus
station, and thus the system will be operational if there is a route between both stations. However, if the
need is to ensure that there is always a route between any pair of stations in the network (like in a road
network where no city should be isolated), then reliability takes on a different dimension. The study of
network reliability as we know it today was first introduced by Shannon and Moore in the 1950’s, and in
their ground-breaking paper [4] they set the basis of a promising field of research where networks take the
shape of a probabilistic model, and reliability is translated into a polynomial. This model’s potential is
immense: if we can numerically determine the reliability of a system, then for instance we could forecast
to what extent an electric grid will remain operational under natural disaster conditions. Still there are many
unknown details in network reliability, and in some cases their complexity renders their analysis intractable.
In fact, we may be able to translate a system’s reliability into a mathematical formula, but this formula
remains partially symbolic. Moreover, when increasingly complex networks are being considered, the
number of unknowns that arise when trying to determine the system’s reliability multiplies.

However, beyond the bounds of exact computation, the theory of approximation can take over and
help us nail down the work of previous network scientists. Approximation techniques have proven to
provide excellent results in those cases where computational evaluation is too costly or just too complex.
One approximation technique that has been widely studied is polynomial interpolation. In this paper we
will use interpolation methods to try to fill in the gaps in the study of reliability of simpler networks, and
then we will attempt to apply these same methods to more complex networks that can be shaped as bivariate
probabilistic models. We will also combine this approach with simulation techniques to build it on sufficient
numerical information.

Particularly, we will focus on systems that are stochastic networks with edge failure, and where
reliability is defined as the capacity of any pair of elements in the network to remain connected (called all-
terminal reliability). There are many examples in real-life of such systems. Let us consider for instance a
road network within a given region, containing sparsely distributed cities, villages and road junctions
interconnected by roads, like the one in figure 1. Any road section could be blocked due to accidents or
natural events (landslides, floods, ...), but the network must guarantee that a vehicle departing from any
point could get to any other given point in the map.



Figure 1: A simplified roadmap of Ibiza

We will start by briefly presenting the basic definitions and notations that we will use in this paper.
Then, we will present our simulation-interpolation approach to the approximation of a network’s reliability
for the simplest case where edges can fail with the same probability (univariate case). After the results of
this proposed method are shown, we will move to the second simplest case, the bivariate case: following
our same approach, we will propose two approximation methods that will only differ in the interpolation
technique. Finally, we will summarize our conclusions and discuss the future work.



2. Basic definitions and notations

In order to model a system, network science utilizes concepts from graph theory. Let us consider a network
modelled by a graph G = (V,E) where V is a set of n vertices or nodes, and E © (‘g) is a set of m

bidirectional edges or links (hence our graph is undirected). This network is considered to be operational if
it satisfies all-terminal reliability.

A pathset is a subset O < E of edges that makes the graph operational, so any connected spanning
subgraph of G is a pathset. A minimal pathset with respect to inclusion is a minpath, so any spanning tree
is a minpath. Similarly, a cutset is a subset C < E of edges such that (V,E — C) is not operational, and a
minimal cutset is called a mincut.

Regarding edge failure, we will emulate the model introduced by Moore and Shannon where the
nodes are considered to be perfectly reliable, and the edges could fail independently with a certain
probability (this model is aligned with the examples of road networks, electric grids, or epidemic spread).
At any given time, each edge e € E can be either operational or in failed state, with respective probabilities
pe and 1 — p,. In this work, for simplicity we will assume that the capacity of the links is infinite, or
alternatively, that the flow travelling through the links is negligible in comparison with their capacity. The
rationale behind this assumption is to preclude the possibility of cascading failures, which may render our
reliability analysis intractable. We will consider two cases:

e Univariate probabilistic model: the probability p,, is the same for all edges e € E.

e Bivariate probabilistic model: there are two types of edges, those with a probability p of being
operational (‘highways’), and those with probability q of being operational (‘secondary roads’).

3. Univariate case

3.1 The reliability polynomial

For any subset E' C E, let G' = (V,E") be the corresponding subgraph of G. Let us also define the binary
function ¢: G' - {0,1} that returns 1 or O respectively if G’ is operational or not. Under our probabilistic
model, the subgraph G’ will occur if its edges E' are operational, and the rest of edges E — E’ are not. This
is a probabilistic equation that can be written as

P(G" = Hpe H(l = Pe) (3.1)

e€Er egE!

Since reliability is the expected value of ¢ over all possible subgraphs of G, then we can define reliability
as

Rel(G) = E P(G9(G) = E P(G") (3.2)
GIcG G'isa
pathset

In our univariate model p, = p, so finally the graph’s reliability is



RIGp) = > plelca -yl (33)

EICE
G'is a pathset

As we can clearly see, Rel(G,p) is a polynomial in p, hence we may call it the reliability
polynomial of G. This polynomial allows different forms that may simplify later calculations, for instance:

e let N; be the number of pathsets with i edges. Hence the reliability polynomial can be expressed
by its N-form:

Rl(G,p) = ) Nip! (1 = p)™ (3.4)
i=0

e let C; be the number of cutsets with i edges. Hence the reliability polynomial can be expressed by
its C-form:

Rel(G,p) =1 — Z C;(1—p)p™t (3.5)

i=0

o the reliability polynomial has, finally, an expanded form:

m

Rel(G,p) = Z a,p* (3.6)

k=0

The degree and the calculation of some coefficients of the expanded form are derived from the
N-form: forany i = 0, ..., m, any term N;p'*(1 — p)™ " in (3.4) is a polynomial of degree m such that

m-1

Np'(1—=p)™' = Npp' + Z Bip’ + Nip™ (3.7)

j=i+1

for some unknown real coefficients f; ;. Thus, the reliability polynomial is a polynomial of degree m, and
foranyk =0,..,m—1,

ap = N + Z Bix (3.8)

and

Ay = iNi (3.9)

i=0

Some of the coefficients of the N-form of the reliability polynomial can be computed exactly. A
well-known result from graph theory is that any spanning tree (a minpath) has n — 1 edges, so

N =0ifi<n—1 (3.10)



We can also easily compute N,_;. Let L = D — A be the Laplacian matrix of G, where D is the
diagonal degree matrix, and A is the adjacency matrix of G. Now let L; ; denote the matrix obtained by
deleting the i™™ row and the j™ column from L. For any row i and column j, Kirchoff’s Matrix Tree Theorem
states that

Np—y = (=) det (L; ) (3.11)

Additionally, if c is the minimum cardinality of a cutset, then C; = 0 for i < ¢. This means that

= (o) 61

for i < c. The parameter ¢ can be found by a network flow algorithm in polynomial time, repeated for every
pair of vertices. However, the coefficients N; forn — 1 < i < m — ¢ remain unknown. Some of them may
be computed efficiently, but the complexity of their calculation may render the analysis intractable -and out
of scope in this study. Hence, not all of the above results regarding the exact computation of N-form
coefficients will translate, in the expanded form (3.6), into exact results.

In conclusion, all we know about the expanded form of the reliability polynomial, from an exact
computation perspective, is:

e qg;=0foralli<n—-1
o ap1 =Ny, (3.13)

m J—
i=n-1 % = 1

3.2 Polynomial interpolation of the reliability polynomial

For a given continuous function f: [a, b] € R —» R with known values in n + 1 points x,, ..., x,, such that
a<xg < - <x, <b, polynomial interpolation consists in finding a polynomial f,, € B,, where P, is the
space of polynomials of degree at most n € N with real coefficients, such that for all i =0, ...,n,
faC) = f(x).

Going back to network science and our stochastic network with univariate edge failure, an
interesting and obvious result from approximation theory states that a polynomial is its own polynomial
interpolant.

Interpolation has involved long discussions regarding its potential convergence?, as well as the
best sets of interpolation points in order to avoid interpolation errors. Although theoretically there is no
doubt about the interpolation’s convergence when applied to a polynomial, since the result should be exact,
we shall take into account the general result proven by Lloyd N. Trefethen [6] that states that the
interpolation convergence is guaranteed? if Chebyshev points in [a, b] are chosen as interpolation nodes.
Forj = 0, ..., n, Chebyshev nodes are defined as

a+b b-—a j T
Xy = cos<]—> (3.14)

We normally apply interpolation techniques when f is a known function that is computationally
too complex to evaluate at any given point, and when we can easily obtain the values f(x;) for a given set
of interpolation points. In our study we are initially placed in a different position: Rel(G, p) is not a known
function, and a priori we do not have any information as to specific reliability values for any given p.

1 Convergence in interpolation is definedas  ||f, — flle = max{|f,,(x) — f(x)|:x € [a,b]} >0 when n - .
2 As long as f is Lipschitz continuous, which in general terms means sufficiently smooth.



However, we can certainly rely on some of the previously obtained information, like (3.13). Also,
we may assume that the reliability Rel(G, p) for a given value of p can be approximated using simulation
methods and powerful calculus software such as MATLAB (version R2019a for student use, © 1994-2020
The MathWorks, Inc.), and obtain the interpolation values with which we can apply this approximation
method.

Below are described the steps followed in our proposed method:

Starting from a given graph ¢ = (V, E) and a given value p, let us perform a simulation where,
for each edge e € E, we will evaluate whether it remains operational or not: firstly generating a random
value r, € [0,1], and then “turning off” the edge if r, > p. After repeating this same operation for all edges,
the resulting subgraph G' € G, and more specifically its operationality ¢(G"), can be easily assessed using
for instance the depth-first search (dfs) algorithm. Starting from an arbitrary node, this algorithm explores
the graph in search of all the connected nodes, so only if n nodes are explored the subgraph is operational.
After a sufficiently large number M of simulations, if G is the subgraph resulting from the i* simulation,
then we can define the Simulated Reliability SR as

M
SR(G,p) = z #(G;) /M ~ Rel(G, p) (3.15)
i=1

Let0 < py < -+ < pr < 1 be aset of probabilities, with k < m (we do not want more thanm + 1
interpolation points, as the reliability polynomial is of degree at most m). For each p;, with j = 0, ..., k, we
know that

Rel(G,p;) = anoap} " + @np] + - + anmp} (3.16)

We can therefore express this system of k equalities with matrices:

et v PO\ /%t SR(G,po)
p?:‘l p:{l p:i" asn < SR(G:,pl) (3.17)
vt PR pit/ \ @m SR(G, py)

Moreover, since we know the value a,_; = N,_;, we can reduce the dimension of the unknown
coefficients:

Py P\ q, SR(G,po) — @n-1P5 "

pr " ( : )z SR(G,p1) — @n-1pPT™" (3.18)
: . N a H

pi oo " SR(G, pi) — An-1Pp

Above we have a system of k + 1 equations and m — n 4+ 1 unknowns, so let us define
k=m-n (3.19)

Now the first matrix is a square matrix, which determinant is

po PO 1 p - p"
n e m eee m-n

get| P PU o gpepn et L P07 P (3.20)
p‘rrrll—n prrrrll—n 1 Pm-n prrnnzrrll



We can easily identify the right-term above as a Vandermonde determinant, which is non-zero when p,, #
p, if v = v, and when none of the probabilities in our set is zero, which is the case if we choose the
interpolation points adequately.

We have proven that a solution exists, and is unique, to the computation of the univariate reliability
polynomial in its expanded form, using the below formula

-1

a, Py PO SR(G,po) — ap-1p5 ™"
( : ) O O T B S R (3.21)
am n. m : n-—1
Pm-n Pm-n SR(G, pm—n) — On—1Pm-n

and if the m — n + 1 interpolation probabilities are chosen as the set of m —n + 2 Chebyshev points in
[0,1] where the value 0 is removed.

As a recapitulation, our proposed method to approximate the reliability polynomial of a stochastic
network with univariate edge failure under the all-terminal reliability condition combines results from graph
theory, polynomial interpolation at Chebyshev points, and simulation. The following diagram summarizes
the main steps of this method.

Undirected graph G(V, E') with 7 nodes and m edges

A

Rel(G,p) = apo 1PV L+ app™ + = + @™

v .

Laplacian matrix of G {0, Po- ... Pn—n = 1} =set of m-n+2 Chebyshev points in [0.1]
A4 A4
Exact calculation of @,,_; For each p;, where j =0, ..., m-n-1, iterate the simulation step M times:

Simulation step. Iteration i for i=1,...,. M
1. Generate subgraph G; from G where each edge e € E is
preserved with probability p;

2. Assess the connectivity ¢ (G;) with the dfs algorithm

M
SR(G,py) = ) 9(G) /M
i=1

PE oo —1 SR(G,po) — @n_1Pp
(“Eﬂ) 2 -l SR(G,p1) — &n-api
Ml = : : g
m Dr e N SR(G, Pm-n-1) — @n-1Pmon—1
-y,

Figure 2: Diagram of the proposed method for the univariate case



3.3 Practical application

For the reasons exposed above, there are only few examples of stochastic networks with univariate edge
failure where the reliability polynomial is known, and these instances model very simple systems.
Nevertheless, one of these systems can be used to test the simulation-interpolation method proposed.

Figure 3: The graph K, — {e}

Let us consider the graph in figure 3. For all-terminal reliability, it is fairly simple to list all the
pathsets with 3, 4 and 5 edges: {acd,acf,abd,abf,adf,bcd, bcf,bdf,abcd, abcf,abdf,acdf,
bcdf,abcdf}, and obtain the following N-form of the reliability polynomial

Rel(G,p) = p° + 5p*(1 - p) + 8p°(1 — p)?
from where we get the expanded form (which we will compare our results against)
Rel(G,p) = 4p° — 11p* + 8p°

Following the formula (3.11) we can exactly compute a3 = Nj:

2 -1 -1 0 2 -1 -1 0 1 1 o
-1 3 -1 -1 > [-1 3 -1 -1 > 1 1|=-—
-1 -1 3 -1 -1 -1 3 —1) |_31 31 _1“ 8
0 -1 -1 2 O S "

Starting from the Laplacian matrix of the graph, and then removing the 4" row and the 1 column, we obtain
a; = (—1)5(-8) = 8.

Secondly, we want to approximate the coefficients a, and ag using the proposed method: the
interpolation points in [0,1] will be defined as the non-zero points in the set of three Chebyshev points in
[0,1]. Hence, our interpolation points will be p, = 0.5 and p; = 1. In this extremely simple case we only
need to run the simulation step for p,, since the exact value of the reliability polynomial is necessarily 1
for p = p,. The appropriate code has been written in MATLAB, and the simulation step has been set to
execute M = 10° iterations. The obtained value for the simulated reliability is

SR(G,p,) = 0.4365

With the same MATLAB code, we have implemented the simple matrix formula (3.21), obtaining the final
result

a, = —11.0317 and a5 = 4.0317
This result is very close to the exact solution, and although there is definitely an absolute error £ = 0.0317

in both values, we shall apply a rounding procedure, knowing that the coefficients should be integers, which
would result in the exact solution.



Now let us take a more complex example: the simplified representation of the island of Ibiza’s
road map, as shown in figure 1. This time, the MATLAB code also includes the computation of a,,_;. The
results, using the same method as in the first example, are summarized in the below table:

Coefficient Approximation
Qy3 12
o 1.4460 x 10*
azs -9.7547 x 10°
Az 1.8175 x 107
az7 -1.4874 x 108
Ag 6.4159 x 108
Q9 -1.5921 x 10°
a3 2.3548 x 10°
a3y -2.0524 x 10°
as, 9.7363 x 108
a33 -1.9403 x 108

3.4 Quality assessment of the proposed method and calibration

The quality of the proposed method can be assessed to the extent that the reliability polynomial is known
only in rare occasions, with extremely simple graphs.

With the graph K, — {e}, like with any graph with known reliability polynomial, the quality
assessment is immediate and can be measured in terms of the relative difference (RD) of the obtained
polynomial (with approximated coefficients) at p = p,., for a uniformly random value p, € [0,1], with
respect to the exact graph’s reliability Rel(G, p,.).

As part of the method’s quality assessment, the number of iterations at the simulation step can act
as a calibration knob between error and computational cost. Hence, the quality assessment is performed for
different values of M, and the results show, in addition to the RD, the time elapsed at the simulation step.

It is also important to point out that the MATLAB code written to perform our method (see
Annexes) makes use of the parallelization capacity of the software. The simulation step is designed to use
multiple threads in parallel, taking advantage of the various cores of the personal computer’s CPU used in
this study (with a processor Intel® Core™ i7-8700 CPU @ 3.20GHz).

Finally, in order to mitigate the effect of potential outliers, for each value M, the experiment is
repeated with 10 different random values p, and the results are the averages.

Number of simulations per interpolation point

10 102 103 104 10° 108
Time (seconds) 3,11E-02 7,07E-02 1,73E-01 1,34E+00 1,15E+01 1,10E+02
RD 2,16E-01 5,97E-02 1,76E-02 7,39E-03 2,00E-03 3,65E-04

Figure 4: Numerical performance of the proposed method for the univariate case

The above results show that while the time spent on each experiment grows logically at the same
rate as the number of simulations increase, the relative difference between the graph’s reliabilities
(calculated with the exact reliability polynomial and the approximated reliability polynomial) decreases at
an inversely proportional rate. The graphical analysis will enable further interpretation of these results:



1 2 3 4 5 6
Number of simulations per interpolation point (log10)

Time (log10 seconds) RD (log10)

Figure 5: Graphical performance of the proposed method for the univariate case

The logarithmic improvement of the RD as an increasing number of simulations is used to obtain
the simulated reliability at the interpolation points seems to be linear. The RD reduction factor when the
number of simulations is multiplied by 10 is in average 2.9 - 10! (with a standard deviation of 0.8 - 1071).
Furthermore, from 105 to 10° simulations, the reduction factor reached its minimum, 1.8 - 1072,

At the highest number of simulations (M = 10°), the RD between the approximation and the exact
reliability is considerably low, while each experiment takes in average nearly 2 minutes, which, considering
the fact that only one interpolation point is driving most calculations, is a significant amount of time.

4. Bivariate case

The assumption that all edges have the same reliability is too restrictive. In practice, each edge may have
its own probability of failing, or at least, there is a set of failure probabilities to choose from. The second
simplest case is when we have two types of edges, with probabilities p and q of being operational. This
leads to a bivariate reliability polynomial in the indeterminates p and q.

This model is suitable for several real-life situations. For example, in a road network there are
basically two types of roads: highways and conventional roads. Highways are usually more straightforward,
with less curves, and they have several lanes for each direction, enabling different speeds. They may also
have a physical division that separates both directions, protection against crossing animals, better signaling,
etc. All this leads to a smaller probability of accidents, thus a greater reliability.

4.1 The reliability polynomial
Following the same reasoning and terminology as in the univariate case, the reliability of a graph G is given

by (3.2), where again ¢(G") = 1 if G' is operational under all-terminal reliability, ¢(G") = 0 otherwise,
and P(G") is the occurrence probability of the subgraph G'.

10



Let E = E,UE,, where the operational probability is p for the edges of E,, (we may call them p-
edges), and q for the edges of E, (g-edges). Let us define m,, = |E,| and m, = |E,|, with |[E| = m =m,, +
mg,. We may assume, without loss of generality, that m,, > m,.

Thus, if 6" = (V,E') and E’ = E, UEy, the reliability of G is

Rel(G,p,q) = Z plEol (1 — pymw-lEpl glEal (1 — gyma-IEal (4.1)

EICE
G'is a pathset

The function Rel(G, p, q) is clearly a bivariate polynomial in p and q, the reliability polynomial of G, and
like in the univariate case, it allows multiple forms, for instance:

e if N;; is the number of pathsets with i p-edges and j g-edges, then its N-form is

mp mq

Rel(G,p. @) = ) ) Nyjplq/(1 =)™~ (1 = @) (42)

i=0 j=0

e similarly, if C; ; is the number of cutsets with i p-edges and j g-edges, then its C-form is

mp Mmg

Rel(G,p,q) =1- Z Z CyA=-p)'A—q) pmriqna (4.3)

i=0 j=0

o the expanded form of the reliability polynomial of G is
mp an

Rel(G,p,q) = Z Z Xy e, G (4.4)
k1=0 kz=0

For all of the above forms, the exact computation of all coefficients is intractable, but just like in
the univariate case, we can extract some exact information about these coefficients. This partial
understanding of the reliability polynomial will help refine the simulation-interpolation approach to its
approximation in the next section.

The univariate case has showed us that a minpath has n — 1 edges, so

and if N,,_; is the number of minpaths of G, which we can easily compute with the formula (3.11), then

Nij = Npq (4.6)

i+j=n-1

These last results can significantly reduce the length of the expanded form. Indeed, in the N-form, for any
i <m, and any j < m,, each of the addends N;;p'q/(1 —p)™»~'(1 — g)™a~/ is a polynomial in the
indeterminates p and q with the term of maximal total degree equal to N; j;p™» g™ and the term of minimal
total degree equal to N; ;p'q’. Thus, we can deduce that

4.7
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ki=mp

ko=mg
Rel(G,p,q) = Z ey kD1 G
ki+ky;=n-1
with
Qpey iy = Nnoq (4.8)
kit+k,=n-1
and
ki=mp
ko=mg
akl’kz == 1 (49)
ki+ky=n-1

The univariate case also evidences the fact that, although we may be able to compute the
coefficients N,,,_; for i < c, where c is the minimum cardinality of a cutset, each non-zero coefficient N,
for any u < m will contribute to the coefficients of the expanded form «a;, for all u < k < m. Thus, the
exact computation of more coefficients (or sums of groups of coefficients) in the expanded form, other than
(4.8) and (4.9), is intractable and out of scope in this study.

We can group the terms with the same total degree to rewrite the extended form of the reliability
polynomial as the sum

Rel(G’p’ q) = Z akl,kzpqukz + e 4 Z akl,kzpqukz (410)

ki+ky,=n-1 ki+ko,=m

where each of the addends can be rewritten using only one exponent:

min {mp;K}
kyky — ky K-k
Z Ap ke, P 1q2 = Z Apy k-k, PG (4.11)
kq1+k,=K ki=max {0;K-mg}
min {mg;K}
— K—ko ok
= Ag—k, ke, P 2q°2

kz=max {0;K-mp}

forn—-1<K<m.
Finally, we can group the terms with the same partial degree in the same indeterminate:

Mp Mq
Rel(G,p,q) = Z p Z ey 1y 9 (4.12)
ki=max{0;n—-1-mg} kz;=max {O;n—1-kq}
or equivalently
Mq mp
Rel(G,p,q) = Z q* Z ey ey (4.13)
kz=max{0;n—-1-mp} ki=max {O;n—-1-k,}
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4.2 Polynomial interpolation of the bivariate reliability polynomial

Several techniques of multivariate polynomial interpolation have been developed through relatively recent
research studies. Some of the most known of these techniques are the use of a multivariate Vandermonde
matrix, the Hermite interpolation, or the Newton interpolation (which we will explore later on). While the
univariate polynomial interpolation guarantees the uniqueness and existence of the solution (as long as few
requirements are met), the multivariate case is more complex. Determining whether a multivariate
interpolation has a unique solution (poisedness) in the space of polynomials with given total and/or partial
degrees is difficult. This matter requires a thorough study of the interpolation nodes, the polynomial space,
the specific interpolation technique. Furthermore, the study of multivariate interpolation techniques is a
flourishing field of study, yet filled with unresolved questions.

With this in mind, and given the fact that the formulas (4.12) and (4.13) suggest the possibility of
applying a univariate polynomial interpolation technique to the approximation of the bivariate reliability
polynomial, we are proposing a first method to approximate the reliability polynomial with a univariate
approach.

4.2.1 Bidimensional univariate polynomial interpolation (BUPI)

Let us take the equation (4.12) as the starting point, with p as the indeterminate of study and a fixed value
Q € [0,1] of g. The reliability polynomial becomes a univariate polynomial in p, of degree m,,, and whose
coefficients are zero for all terms of degree lower than max{0;n — 1 — mg} :

Mp

Rel(G,p,Q) = z Ay, p* (4.14)

ki=max{0;n—-1-mgq}

We know that we can approximate the unknown coefficients A, through polynomial interpolation
in asetof m, — max{O; n—1-— mq} + 1 points, and that these points can guarantee an optimal result (in
terms of minimized error) if they are Chebyshev points in [0,1].

Similarly, if we consider the equation (4.13) with g as the indeterminate and a fixed value P €
[0,1] of p, then we obtain the univariate polynomial:

Mq

RIG,P.)= ) Byt (4.15)

kz=max{0;n-1-mp}

that we can approximate using m, — max{0;n — 1 —m,} + 1 Chebyshev points in [0,1].

Again, for the fixed value Q@ and each interpolation point p, (resp. P and q5), we will approximate
the value Rel(G,py, Q), resp. Rel(G, P, q5), with the simulated reliability by applying the same simulation
procedure, with M iterations, as in the univariate case.

Once the coefficients A, and B, have been approximated via univariate polynomial
interpolation, the coefficients of the expanded form of Rel(G, P, g) can be obtained following the below
scheme:

1. The bivariate reliability polynomial allows an expanded form, with coefficients that can be stored in a
matrix (assuming that m,, > m,):

13



0 - omy

My P[4

mp,mg|

Figure 6: Matrix of the coefficients of the expanded form

2. These coefficients are zero if i + j < n — 1, and their sum when i + j = n — 1 isequal to N,,_:

max{0;n — 1 —my}
Mg

0

i+tj=n—-1

max{0;n —1—m,} <

my

Figure 7: Minimal coefficient matrix

3. Each of the non-zero coefficients is also a coefficient in two univariate polynomials, one for each
indeterminate p and q:

AN
™
max{0;n — 1 —mp,} ~—————" > mg
- max{0in 1= mg} 0 Q 0 Z ;@) = 4
0 0
0
I =
v
My Z “mpj Q= Amp

z(li’jPiZBj e z“EJrani:qu

Figure 8: Two sets of equations after a bidimensional univariate interpolation
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Finally, this method provides the above system of [m, —max{0;n—1—m,}+ 1]+ [m, —
max{0;n — 1 —m,} + 1] equations, where each unknown «; ; appears in two and only two equations with
different known coefficients (P! and Q7). Using MATLAB’s capabilities of matrix calculation, this system
is the basic ingredient to approximate the reliability polynomial. Additionally, in order to prevent

singularity or bad scaling, the system is completed with two extra equations, (4.8) and (4.9), which add a
component of exactness.

As a recapitulation, the following diagram shows the different steps of this method:

Undirected graph G (V, E)) with 72 nodes and m, p-edges and m, g-edges

{Po, P1 -} = {90, q1, -} =
set of m,, — ma.x{O;n =i= mq] + 1 Chebyshevpointsin [0,1] set of my — ma.x{O;n =i= mp} +1 Chebyshevpointsin [0,1]
For each p;, iterate the simulation step M times: Foreach g, iterate the simulation step M times:
M M
SR(6.p;.Q) = ). #(G) /M SR(G,P.a)) = D $(G) /M
i=1 i=1
Univariate polynomial interpolation of Univariate polynomial interpolation of
mp mg
RAGP.QO= D Ayt RAGPD = Y Budt
kg =max{0;n—1-mg} kp=max{0;n—1-mp}
: Ky =ty .
Z“m‘QJ =4 ey =g Z a ;P =B
Z Ay ey = No—y -1
Kytkz=n—1 Z iy =
Ky +hg=n—1
System of [mq — max{O;n =i= mP}+ 1] 1+ [mp = max{O;n —-1- mq} 1F 1] +2 linear equations in the indeterminates a; ;

Solution of linear system with Matlab

Figure 9: Diagram of the proposed method: BUPI

4.2.2 Newton’s bivariate polynomial interpolation (NBPI) in a rectangular basis

The second method we are proposing to approximate the reliability polynomial in the bivariate case is a
variant of Newton’s bivariate polynomial interpolation. Unlike univariate polynomial interpolation, this
technique cannot guarantee the uniqueness of the solution, nor does it enable setting all the additional
conditions to the resulting polynomial interpolant as we did with the univariate method (such as only
dealing with a specific number of non-zero coefficients, or ensuring that the sum of some specific
coefficients adds up to N,,_;). This method is only based on the value of the graph’s reliability in a set of
different bivariate points (p,q) € [0,1]%, and on recursively searching for the best approximation in a
sequence of spaces of bivariate polynomials in the indeterminates p and g with increasing partial degrees
(the maximum exponents of p and q) and total degree (the maximum sum of the exponents of p and q in
the same addend).

The poisedness of this method depends, to a large extent, on the choice of the interpolation nodes
(p,q) in [0,1]%, and the application of this technique is relatively easy using a recursive algorithm,
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explained hereafter: let us assume that we aim to approximate a function f (x, y) with a polynomial p(x, y)
which has known partial degrees d, and d, (with d; > d,), and known total degree d = d, + d, so

dy d;

pey) =Y > ayxtyl (4.16)

i=0 j=0

with ay, 4, # 0. The optimal set of interpolation nodes is a rectangular basis of (d; + 1)(d, + 1) points

S={(x,y;))€01]?cR?: 0<i<d,;,0<j<d,} (4.17)

such that x, < -+ < x4, and y, < --- < yg4,, and the values f(x;, y;) are known. With these conditions, the
polynomial p(x, y) is unique if

p(x,y) =X"-P-Y (4.18)
where:
1 1
( X = Xp \ ( Y—Yo \|
e X= (x —x0)(x — x1) , Y= =y —y1)
(x —x0)(x — xq) - (x - xd1—1)/ O =—y)@ —y1) (3’ - de—l)
(0) ® 2 d
Poo Poa pé,z) p(g,ZZ)
[¢)) [€)) 2 (d2)
Pio P11 pfz) p1,dzz
(@) @) 2 (d3)
P20 P21 péz) pz,dzz
e P= : : : . :
(d2) (d3) (d2) (d2)
Payo Payi Payz Pk,
@ @) @ (@) > (4.19
pdl,lo pd1,11 pd1,12 pdl,ldz (4.19)
0
o P =fly)
(k=1)_,(k=1)
Pij "Praj if i>kandj <k
Xi—Xi-k
(k=1)_,,(k-1)
@ e = ifi<kandj >k
° pi]_ = YVji=Yj-k
’ (k=1) _ (k-1) (k=1)__ (k-1)
Pij *Pi_qj17Pi—1j Pij1 if > >
o c—— ifi>kandj >k
pisY if i <kandj <k

In this study, the function f that will be approximated using this method is a graph’s reliability, but
with a slight nuance that will force the final interpolant to have its coefficients with the lowest indices equal
to zero. As per (4.12) and (4.13), the minimal exponent of p in Rel(G,p, q) is max{O;n -1 —mq}.
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Likewise, the minimal exponent of g in Rel(G,p,q) is max{O;n -1 —mp}. Hence the interpolated
function will be

f,q) = p—max{o;n—l—mq} . q—max{o;n—l—mp}. SR(G,p, q) (4.20)

where, once again, the value of the graph’s reliability is replaced with its simulated value. The polynomial
interpolant obtained with this method will have partial degrees d; = m, — max{o;n— 1 —mq} and

d, = my, —max{0;n — 1 — m,}, and total degree d = d, + d,.

Finally, some additional remarks about the resulting approximation of the reliability polynomial
using the Newton bivariate polynomial interpolation that must be taken into account are:
e the connection between the coefficients a; ; of the resulting interpolant and the coefficients of the
graph’s reliability polynomial is a; ; ~ «; +max{0;n-1-mg},j+max{o;n—1-my}-
o there will still be some coefficients with low indices, where i + j < n — 1, that will likely be non-
zero in the result.
e the equations (4.8) and (4.9) cannot be taken into account with this method.

As a recapitulation, the below diagram shows the different steps of this method:

Undirected graph G (V, E)) with # nodes and m, p-edges and m, g-edges

-

Bo:qmy) = Prgng) - By Gm,)
: : : = rectangular set of interpolation points in [0,1]%
P0,q0) 7 Pmpdo) " (P, o)

.

Foreach (py, q5), iterate the simulation step M times:

M
SR(G.,py. q5) = Z @(Gi) /M
i=1

g

Newton’s bivariate interpolation of f(p,q) =p~ max{0;n—1-mg} , q- max{0n—1-my} , SR(G,p, q)

1. Matrix P©@ —» Matrix PY —» MatrixP@ - —» MatrixP@0) = p

2.p(x,y) =X*-P-Y = Fa;;x'y!

|
A J

@ij ¥ Qitmax{on—1-mg},j+max{o;n—1-mp)

Figure 10: Diagram of the proposed method: NBPI

4.3 Practical application

Similarly to the univariate case, the proposed simulation-interpolation based methods have been put into
practice with the same two different graphs, but with the bivariate component.

Also, in order to apply both methods in the most efficient manner, the sets of interpolation nodes
of each method have been merged. The BUPI method requires two sets of points (p;, @) and (P, q;) which
should be two sets of Chebyshev points in order to optimize the method (for this study P and Q will be
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chosen as centered in [0,1] as possible). Therefore, the NBPI method will expand these sets of points into
a rectangular basis, as shown in the following figure. In this manner, the set of simulation runs for each
point of this rectangular basis will provide both methods with their simulated reliabilities.

q

/]
0 ] F

Figure 11: Example scheme of interpolation points for the BUPI (filled in red) and the NBPI (all)

~

The first graph is K, — {e}, where three edges have probability p of remaining operational,
whereas this probability is g for the remaining two edges.

Figure 12: Bivariate K, — {e}

It is relatively simple to develop the N-form of Rel(G, p, q), and obtain its expanded form:
Rel(G,p,q) = 4p>q*> —5p°q + p® — 6p®q* + 5p*q + 2pq?

Using the first of the proposed methods, the BUPI, with the number of iterations in each simulation
step set at M = 105, the result is

Rel(G,p, q) =~ (3.98)p3q? — (5.02)p3q + (0.99)p> — (5.96)p?q* + (5.04)p?*q + (1.96)pq?

This highest absolute error of the coefficients is e = 0.0448 although if we had chosen to round our results
(since we know the coefficients are integers), then we would have obtained the exact coefficients.

With the second of the proposed methods, the NBPI, the coefficients corresponding to the terms
in p, p? and pq, which should be zero are non-zero, although their values are negligible (respectively,
—6.64 x 1073, —1.26 x 1072 and —2.96 x 1072). If we ignore these, the rest of the resulting polynomial
is:

Rel(G,p, q) ~ (4.12)p3q? — (5.16)p3q + (1.02)p> — (6.14)p?q* + (5.19)p?*q + (2.02)pq?
The highest absolute error in these coefficients is € = 0.1649, although the non-zero coefficients that we

ignored may actually help adjust this error with respect to the known exact reliability polynomial.

The second graph is the road map of Ibiza, where this time we have taken into account the road
type, and assigned each road or edge to one type: highways, with operability probability g, and secondary
roads where this probability is p.
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Figure 13: A simplified road map of Ibiza (with two types of roads)

Now we are faced with a totally different situation: we have no knowledge as to this graph’s reliability
polynomial.

However, using the BUPI method with M = 105, we obtain the following coefficients (in
scientific format):

a;j j=0 1 2 3 4 5 6 7
i=16 0,00E+00 0,00E+00 0,00E+00 0,00E+00 0,00E+00 0,00E+00 0,00E+00 2,72E+02
17 0,00E+00 0,00E+00 0,00E+00 0,00E+00 0,00E+00 0,00E+00 4,12E+04 -1,05E+05
18 0,00E+00 0,00E+00 0,00E+00 0,00E+00 0,00E+00 -1,75E+05 6,22E+05 0,00E+00
19 0,00E+00 0,00E+00 0,00E+00 0,00E+00 2,07E+04 -1,58E+06 0,00E+00 0,00E+00
20 0,00E+00 0,00E+00 0,00E+00 1,09E+06 2,63E+06 0,00E+00 0,00E+00 0,00E+00
21 0,00E+00 0,00E+00 -2,52E+06 | -3,95E+06 0,00E+00 0,00E+00 0,00E+00 0,00E+00
22 0,00E+00 2,57E+06 5,20E+06 0,00E+00 0,00E+00 0,00E+00 0,00E+00 0,00E+00
23 -1,37E+06 | -4,63E+06 0,00E+00 0,00E+00 0,00E+00 0,00E+00 0,00E+00 0,00E+00
24 3,16E+06 0,00E+00 0,00E+00 0,00E+00 0,00E+00 0,00E+00 0,00E+00 0,00E+00
25 -1,48E+06 0,00E+00 0,00E+00 0,00E+00 0,00E+00 0,00E+00 0,00E+00 0,00E+00
26 2,95E+05 0,00E+00 0,00E+00 0,00E+00 0,00E+00 0,00E+00 0,00E+00 0,00E+00

One observation we can make is that the sum of coefficients where i + j = n — 1 does not equal N,,_;.
This is probably due to the fact that in the system of equations that this method builds, the one corresponding
to N,_; = 12 has little influence on the solution as opposed to the equations corresponding to the values
Ay, and By, . For instance, A, = 4.2 - 10°.

The situation for the NBPI method is the same: there is no exact set of coefficients that we can
compare our results with. However in this case the coefficient that we know are zero (light red upper left
triangle of our matrix) have important absolute vales.
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a;; j=0 1 2 3 4 5 6 7
i=16 7,50E+03 -3,14E+05 3,73E+06 -1,92E+07 4,99E+07 -6,87E+07 4,76E+07 -1,31E+07
17 -5,90E+05 2,47E+07 -2,93E+08 1,51E+09 -3,93E+09 5,40E+09 -3,75E+09 1,03E+09
18 1,33E+07 -5,55E+08 6,59E+09 -3,39E+10 8,82E+10 -1,21E+11 8,42E+10 -2,32E+10
19 -1,33E+08 5,55E+09 -6,59E+10 3,39E+11 -8,84E+11 1,22E+12 -8,43E+11 2,32E+11
20 7,13E+08 -2,98E+10 3,54E+11 -1,82E+12 4,74E+12 -6,52E+12 4,53E+12 -1,25E+12
21 -2,25E+09 9,43E+10 -1,12E+12 5,77E+12 -1,50E+13 2,07E+13 -1,43E+13 3,94E+12
22 4,41E+09 -1,85E+11 2,19E+12 -1,13E+13 2,94E+13 -4,04E+13 2,81E+13 -7,72E+12
23 -5,42E+09 2,27E+11 -2,69E+12 1,39E+13 -3,61E+13 4,96E+13 -3,44E+13 9,48E+12
24 4,06E+09 -1,70E+11 2,02E+12 -1,04E+13 2,70E+13 -3,72E+13 2,58E+13 -7,10E+12
25 -1,70E+09 7,11E+10 -8,44E+11 4,35E+12 -1,13E+13 1,56E+13 -1,08E+13 2,97E+12
26 3,05E+08 -1,27E+10 1,51E+11 -7,80E+11 2,03E+12 -2,79E+12 1,94E+12 -5,34E+11

Also, all these coefficients are completely different from those obtained in the previous experiment with
the BUPI.

4.4 Quality assessment of the proposed methods and calibration

Like in the univariate case, we want to evaluate our proposed methods by checking the value of the
approximated polynomial against the reliability of the graph in a random point in [0,1]2. This real reliability
is only known in the case of the graph K, — {e}, so the quality assessment of the proposed methods will be
based on these results only.

This error assessment will be tested applying different values of M to the number of simulations
run in each experiment (to obtain the reliability values at the interpolation points). Also, for each value M
and each experiment, we will run 10 different tests (with 10 different random reference values (p,, q,) )
and calculate the average relative error in order to mitigate the effect of potential outliers.

In parallel to measuring the error, we will also keep track of the time needed to perform each
experiment, and show the mean duration of the test.

The relevant code has been written in MATLAB (see Annexes).

ber o ations pe erpolation po
10 10?2 103 104 105 106

BUPI Time (seconds) 1,79E+00 3,96E-01 1,07E+00 7,19E+00 5,74E+01 5,50E+02

RD 3,24E-01 | 1,57E-01 | 5,30E-02 | 9,19E-03 | 2,94E-03 | 1,32E-03

NBPI Time (seconds) 3,38E+00 7,49E-01 1,96E+00 1,30E+01 1,03E+02 9,90E+02

RD 4,36E-01 8,13E-02 3,02E-02 6,25E-03 3,95E-03 1,67E-03

Figure 14: Numerical performance of the proposed methods for the bivariate case

Again, there is a clear improvement in the RD obtained with both methods as a larger number of
simulations is considered, while the time spent in calculations increases. Another logical result is the fact
that, in average, the time spent on the NBPI method (which uses 3x3 interpolation points in this case) is 1.8
times greater than for the BUPI method (which uses only 3+3-1 of those points).
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1 2 3 4 5 6
Number of simulations per interpolation point (log10)

BUPI Time (log10 seconds) BUPI RD (log10) NBPI Time (log10 seconds) NBPI RD (log10)

Figure 15: Graphical performance of the proposed methods for the bivariate case

In terms of logarithmic RD improvement, both methods show a linear behavior as the number of
simulations increase. In fact, their performances seem very similar, even without the logarithmic scale
adjustment. It is the performance in terms of time that appears to make the difference, and the BUPI method
achieves better results in this regard. In fact, this method has also provided slightly better results in terms
of RD for 10° and 10 simulations.

Looking more closely at the reduction of the RD with the BUPI method as the number of
simulations increases by 10, the average reduction factor is 3.6 - 10~ (with a standard deviation of 1.8 -
1071). As opposed to the univariate case, the reduction factor is not as predictable although in average it is
highly performant.

Lastly, it is worth noting that for 10° simulations, each experiment with the BUPI method took in
average more than 9 minutes to be completed.
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5. Conclusions and future work

In this paper, we have proposed an approach to the study of network reliability based on combined
simulation-interpolation techniques. The basic idea behind this proposal is: if we can obtain the value of
the graph’s reliability for different edges’ operativity probabilities via simulation, then we can interpolate
the graph’s reliability polynomial.

With these simple concepts in mind, we have initially explored the univariate case, applying the
effective interpolation at Chebyshev points. The proposed technique is relatively simple and requires only
few lines of code, and it has proven to provide good results, to the extent that there are only few exact
solutions that we can compare them with. The method can also be calibrated by intensifying the simulation
component, which as we have seen, enables a much higher precision (with the disadvantage of an increased
computational cost).

While investigations on how to exactly compute the coefficient of the reliability polynomial in one
variable are still ongoing, the bivariate case still remains a nearly unexplored domain. In this paper we have
applied our approach to this case too, proposing two methods that combine simulation and interpolation,
but where this second component varies: in the first method (BUPI) the interpolation is univariate in each
of the two variables independently, whereas the second method (NBPI) explores the Newton bivariate
polynomial interpolation. Again, the results are promising and allow us to consider their usefulness in the
real world.

A recurrent issue faced during this study was how to test the proposed approach with more realistic
graphs such as a given road network. Simulation can also provide a solution to this, although at a high cost:
even if the exact reliability polynomial is unknown, could we substitute its value with a simulated reliability
for a massive number of simulations? This possibility is intractable with a personal computer, where this
additional simulation phase could take multiple days for each value. But we also know that
cyberinfrastructures are a common tool for investigators nowadays, and the access to these high-
performance computing systems could certainly give an answer to this question.

In times when pandemic has suddenly made modern society stumble and sharpen our
defenselessness, the study of networks is even more pressing than it already was when the main focus was
the efficiency in different activities from a socioeconomic standpoint (transportation of goods, energy
supply, etc.). The consideration of multivariate graphs is not the only open problem whose resolution will
bring us closer to real-life scenarios. Other recent developments may consider node failure, ternary
networks (where edges could have a third intermediary state between on and off), or diameter-constrained
reliability, among other assumptions. The exploration possibilities are boundless, as well as the benefits of
investigating them further. And while the exact computation of the reliability polynomial of a graph will
be the only the only way to produce perfectly reliable networks, or to allow an optimal degree of control
over existing ones, in the meantime, it may also be crucial to explore methods that aim at quasi-optimal
solutions. Approximation theory and interpolation techniques are good alternatives, but certainly not the
only ones, and other disciplines like metaheuristic optimization would be worth inspecting.
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7. Annexes

Code for section 3.4:

%* This is the assessment of the univariate method for the graph K 4-{e}.

For different values of M, the obtained approximated reliability
is compared against the exact value of the graph's reliability.

The assessment will be based on the relative difference
and the computation time of the simulation-interpolation step.

%* Presentation of results

fprintf ('number of simulations (log_10) \n');

fprintf ('elapsed time after simulations-interpolation, in seconds \n');
fprintf ('Relative difference for a random value of p \n\n');

$* Graph's static values
n=4; m=5;

$* Interpolation point (Chebyshev)
p 0 =0.5;

%* Adjacency matrix
AdjMat = zeros(n,n); AdjMat(1l,2)= p_0; AdjMat(1l,3)= p_0; AdjMat(2,3)= p_0; AdjMat(2,4)= p_0; AdjMat(3,4)= p_0;

%* Simulation-interpolation method
for expnnt=1:6

exptime = 0;

RD = 0;

M = 10”expnnt;

numtests=10;

for a=l:numtests

Rel = 0;
tic;
parfor i=1:M

A = AdjMat;
for j=1:n
for k=j+l:n
if rand < A(j,k)

A(J, k) = 1;
else

A(j, k) = 0;
end
A(k,3) = A(3, k) s

end
end

G = graph(a);
adj = dfsearch(G,1);
if size(adj,1l) < n
else

Rel = Rel + M~ (-1);
end

end
alpha = [p_0"n p_0"m;1 1]\[Rel-8*p 0°3; 1-8];
exptime = exptime + toc;
p_r = rand;
realRel = 4*p r"5 - 11l*p r"4 + 8*p_r"3;
apprRel = alpha(2)*p r"5 + alpha(l)*p_r~4 + 8*p r~"3;
if apprRel<0
apprRel = 0;
elseif apprRel > 1
apprRel = 1;
end
if realRel ==
fprintf ('GHOST'") ;
else
RD = RD + abs(realRel-apprRel)/realRel;
end
end

exptime = exptime/numtests; RD = RD/numtests;
fprintf ('%d \n',expnnt); fprintf('%l.4e \n',exptime); fprintf('%1l.4e \n',RD); fprintf('\n'");

Code for section 4.4:

* This is the assessment of the bivariate methods for the graph K 4-{e}.

For each method, and for different values of M, the obtained approximated
reliability is compared against the exact value of the graph's reliability.

The assessment will be based on the relative percentage differences
and the computation time of the entire method.

24



%* Presentation of results

fprintf ('number of simulations (log_10) \n'");

fprintf ('elapsed time after simulations, in seconds \n');
fprintf ('Relative difference for a random value of p \n\n');

%* Graph's static values
n=4; mp=3; mg=2; m=mp + mg; kl = max([0 n-1-mq]); k2 = max ([0 n-1-mp]); N_L = 8;

Interpolation points (Chebyshev)
p = zeros(l,mp-kl+1l); q = zeros(l,mg-k2+1);
for i=0: (mp-k1)

p(mp-kl-i+1) = 0.5%*cos (i*pi/ (mp-k1+1))+0.5;
end
for j=0: (mg-k2)

g (mg-k2-j+1) = 0.5*cos (j*pi/ (mg-k2+1))+0.5;
end

$* Pre-Adjacency matrices
PreAp = zeros(n,n); PreRAqg = zeros(n,n); PreAp(l,2)=1; PreAq(l,3)=1; PreRAq(2,3)=1; PreRp(2,4)=1; PreAp(3,4)=1;

%* Tests and results for both methods
numtests = 10;
exptimel = zeros(l,6); exptime2 = zeros(l,6); RDl = zeros(l,6); RD2 = zeros(l,6);

for a=l:numtests
p_r = rand; g r = rand;
realRel = 4*p r"3*q_r"2-5*p r~"3*qg r+p r"3-6*p_r"2*q_r"2+5*p_r"2*q r+2*p_r*q r"2;
fprintf ('Test %d of %d: Reference random value done.\n',a,numtests);
for expnnt=1:6
%* Reliability assessment at the interpolation points
%* through SIMULATION:
simRel = zeros (mp-kl+l,mg-k2+1);
M = 10%expnnt;
tic;
for i=1: (mp-k1+1)
for j=1:(mg-k2+1)
AdjMat= (PreRAp*p (i))+ (PreAg*q(j));
rrr = 0;
parfor iter=1:M
A = AdjMat;
for iIt=1:n
for jIt=iIt+l:n
if rand < A(iIt,jIt)
A(iIt,JjIt) = 1;

else

A(iIt,jIt) = 0;

end

A(JIt,iIt) = A(iIt,JjIt);
end

end

G = graph(A);

adj = dfsearch(G,1);
if size(adj,1) < n

else
rrr = rrr + M"(-1);
end
end
simRel (i, j) = simRel(i,j) + rrr;
end
end

time = toc;

exptimel (expnnt) = exptimel (expnnt) + time* (mp-kl+l+mg-k2)/ ((mp-kl+1)* (mg-k2+1));
exptime2 (expnnt) = exptime2 (expnnt) + time;

fprintf ('Test %d of %d: Simulation done.\n',a,numtests);

%$* BDIMENSIONAL UNIVARIATE POLYNOMIAL INTERPOLATION:

%* Allocating space for the system Ax=B
%* and building the first and last rows as per equations (4.8), (4.9)
tic;
B=zeros (1+mp-kl+mg-k2+3,1); B(1)=N_L; B(l+mp-kl+mg-k2+3)=1;
A=zeros (l+mp-kl+mg-k2+3, (mp-kl+1) * (mg-k2+1)) ;
stati=round((mp-k1+1)/2); statj=round((mg-k2+1)/2);
statp=p(stati); statg=qg(statj);
iA=1;
for i=kl:mp
for j=k2:mg
if i+j==n-1
A(1,in)=1;
end
iA=iA+1;
end
end
A (l+mp-kl4+mg-k2+3,:) = ones (1, (mp-kl+1l)* (mg-k2+1));

%* Univariate interpolation with fixed g
£=[1;
for i=1: (mp-k1+1)
f=[f simRel (i,statj)];
end
f=f./(p."k1);
coeffsA = flip(polyfit (p,f,mp-k1));
for iter=l:mp-k1l+1
B(l+iter)=coeffsA(iter);
iA=mp* (iter-1)+1;
i=kl+iter-1;
for j=k2:mg
if i+j>=n-1
A(l+iter,iA)=statq”j;
end
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$* Univariate interpolation with fixed p
£=[1;
for j=1:(mg-k2+1)
f=[f simRel (stati,j)];
end
f=£f./(q.%k2);
coeffsB = flip(polyfit(q, f,mg-k2));
for iter=1:mg-k2+1
B(1+ (mp-k1+1)+iter)=coeffsB(iter);
iA=iter;
j=k2+iter-1;
for i=kl:mp
if i+j>=n-1
A(1l+ (mp-kl+1l)+iter,iA)=statp™i;
end
iA=iA+mp;

end

x=A\B;
apprRel = 0; el=kl;
for i=1: (mp-k1+1)

e2=k2;

for j=1:(mg-k2+1)

apprRel = apprRel + x((i-1)*mp+]j)*p_r"el*q r~e2;
e2 = e2+l;

end

el = el+l;
end
exptimel (expnnt) = exptimel (expnnt) + toc;
if apprRel < 0

apprRel = 0;
elseif apprRel > 1

apprRel = 1;
end
if realRel ==

fprintf ("GHOST");
else

RD1 (expnnt) = RD1 (expnnt) + abs(realRel-apprRel)/realRel;
end

%$* NEWTON BIVARIATE POLYNOMIAL INTERPOLATION:

equence of matrices P, starting with P(0) where the minimum exponent
actors have been removed

. D

end
for k = 2:mp-kl+1
for 1 = l:mp-k1+1
for j = l:mg-k2+1
if and(i<k , j<k)
P(i,9,k) = P(i,9,k-1);
elseif and(i>=k , j>=k)
P(i,j,k) = ...
(P(i,5,k-1)+P(i-1,3-1,k-1)=P(i-1,5,k-1)~P(i,3-1,k-1)) /
((p (1) -p(i-k+1)) *(q(J)-q(j-k+1)));
elseif and(i<k , j>=k)

P(i,j,k) = (P(i,3,k-1)-P(i,3-1,k-1))/(q(J)-q(F-k+1));
elseif and(i>=k , j<k)
P(i,3,k) = (P(i,3,k-1)-P(i-1,3,k-1))/(p(i)-p(i-k+1));
end
end
end
end
x = sym('x"); y = sym('y");
X = sym('X', [1 mp-kl+1]); Y = sym('Y', [mg-k2+1 1]);
X(1) = 1; Y(1) = 1;

for i = 2:mp-kl+1

X (i) = expand(X(i-1)*(x-p(i-1)));
end
for j = 2:mg-k2+1

Y (j) = expand(Y(3-1)*(y-q(i-1)));

end
Rel = (X*P(:,:,mp-k1+1))*Y;
[coefficients, symTerms] = coeffs(Rel, [y x], 'All'");

apprRel = 0;
for i=1: (mp-k1+1)
for j=1:(mg-k2+1)
cc = eval (coefficients (mg-k2+2-j,mp-kl+2-1));
apprRel = apprRel + cc*p_r”(i-1+kl1)*q_r”(j-1+k2);
end
end
exptime2 (expnnt) = exptime2 (expnnt) + toc;
if apprRel < 0
apprRel = 0;
elseif apprRel > 1
apprRel = 1;
end

26



if realRel ==

fprintf ('GHOST'") ;
else

RD2 (expnnt) = RD2(expnnt) + abs(realRel-apprRel)/realRel;
end

fprintf ('Test %d of %d: finished testing 107%d.\n\n',a,numtests,expnnt);
end
end

exptimel = exptimel/numtests;
exptime2 = exptime2/numtests;
RD1 = RDl/numtests;
RD2 = RD2/numtests;

fprintf ('Results BUPI: exponent, time, RD:\n');
for expnnt=1:6

fprintf ('%d \n',expnnt); fprintf('%l.4e \n',exptimel (expnnt)); fprintf('%1l.4e \n',RDl(expnnt)); fprintf('\n');
end
fprintf ('\nResults NBPI: exponent, time, RD:\n');
for expnnt=1:6

fprintf ('%d \n',expnnt); fprintf('%l.4e \n',exptime2 (expnnt)); fprintf('%1l.4e \n',RD2(expnnt)); fprintf('\n');
end
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